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Functional integral for optical parametric amplification
Fuyong Wang∗
It is demonstrated that the nature of optical parametric amplification is a quantum phenomenon.
The system Lagrangian can be constructed by the path integral of coherent state. The equations
of motion for photon operators are indeed the Euler-Lagrange equations of a Lagrangian. The
quantum state evolution equation can also be obtained without resorting to quantum Hamiltonian
or Lagrangian. Starting with classical Newton equation, quantum transition amplitude of the system
can be educed by surface integral.
I. INTRODUCTION
Optical parametric amplification is an important phys-
ical phenomenon, in which occurs parametric frequency
down conversion of light. Optical parametric fluorescence
(also called spontaneous parametric down conversion) is
the early stage of optical parametric amplification. In
general, two models named signal model and idler model
are coupled with pump light and amplified in the optical
parametric amplification. Several theoretical studies[1, 2]
have been done to predict this phenomenon before the
observation of optical parametric fluorescence[3, 4]. The
researches regarding optical parametric amplification are
receiving renewed attention which is due to their wide-
range utilization[5–9].
To explain where the signal and idler models originate
from and how they get amplified, quantum theory must
be adopted and classical analysis can only be applied to
the amplification of the fields which already contain many
quanta. To describe varying numbers of photons, second
quantized operators named creation and annihilation op-
erators are used to describe signal and idler models and
the system Hamiltonian. Generally, the equations of mo-
tion for photon operators can be easily obtained with the
help of Heisenberg equations of motion when the system
Hamiltonian is given. Instead of using Heisenberg equa-
tions of motion, in this paper we deduce the system La-
grangian and the equations of motion for photon oper-
ators are obtained from Euler-Lagrange equation. The
equations of motion obtained from commutation rela-
tions are consistent with those from Euler-Lagrangian
equations. Besides, the propagetor of optical parametric
amplification system can be figured out based on classical
equations of motion and stringy quantization method.
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II. EQUATIONS OF MOTION
To quantize electromagnetic field the vector potential
is introduced and expressed as[10]
A(r, t) =
∑
k
2∑
i=1
√
~
2ε0V ωk
ǫˆki[aki(0)e
i(k·r−ωkt)
+a†
ki(0)e
−i(k·r−ωkt)].
(1)
Here, a and a† are annihilation and creation operators.
The field A is thus a collection of photons being created
and destroyed each with energy Ek = ~ωk and momen-
tum p = ~k. ǫˆki describes the two possible and mutually
orthogonal polarizations for the kth model. For simplic-
ity, transverse gauge is used. The electric field E and the
magnetic field B can be expressed by A
E = −
∂A
∂t
, B = ∇×A. (2)
We consider the following Hamitonian[11]
H =
1
2
∫
(ε0E
2 + µ−10 B
2)dr. (3)
With above equations, the Hamiltonian of the free elec-
tromagnetic field is reduced to the infinite sum of Hamil-
tonians of independent harmonic oscillators
H =
1
2
∑
k,i
~ωk(a
†
kiaki + akia
†
ki), (4)
where for each vector k there are two independent har-
monic oscillators (for i=1,2). Considering the quantiza-
tion conditions (commutation relations) [ak, a
†
m] = δkm,
the Hamiltonian of the free electromagnetic field is re-
duced to the form
H =
∑
k,i
~ωk(a
†
kiaki +
1
2
). (5)
Note that when applying quantization conditions, zero-
point energy appears.
Quantum noise plays an important role in optical para-
metric amplification. The quantum uncertainty between
electric and magnetic fields and the momentum (or ve-
locity) fluctuations are two sources of quantum noise[12].
2The Hamiltonian of quantum noise can be expressed as
Eq.5. In addition, quantum noise is under thermal equi-
librium. Therefore, according to the Boltzmann distribu-
tion law of statistical mechanics, the probability of find-
ing a noise with energy ~ωj is proportional to exp(−
~ωj
kBT
),
where kB is Boltzmann’s constant and T is the system
temperature.
For any given k, the Hamiltonian is
Hk =
2∑
i=1
~ωk(a
†
iai +
1
2
). (6)
For simplicity, The pump photon takes one direction of
polarization and its Hamiltonian is expressed as
Hp = ~ω0(a
†
0a0 +
1
2
). (7)
A coupling interaction between pump and quantum
noise is provided by nonlinear medium and two models
from quantum noise get coupled. These two models are
named signal model and idler model, respectively, those
frequencies add up to the frequency of the pump model.
Ignoring zero-point energy, the Hamiltonian for optical
parametric system is
H = H0 +Hint, (8)
where
H0 = ~ω0a
†
0a0 + ~ω1a
†
1a1 + ~ω2a
†
2a2, (9)
Hint = ~[κa0a
†
1a
†
2e
−i∆k·r + κ†a†0a1a2e
i∆k·r]. (10)
The term κ†a†0a1a2e
i∆k·r in the Eq.10 ensuresHint’s real-
ity. Here, ∆k represents phase mismatch, which satisfies
∆k = k1 + k2 − k0. The relation ω0 − (ω1 + ω2) = 0 is
used in the Eq.10. Actually, the equations of motion for
photon creation and annihilation operators can be easily
obtained by using Heisenberg equations of motion if the
system Hamiltonian is given. In this paper we deduce
the system Lagrangian by the method in appendix.
The Lagrangian consists of two components L =
Lfree + Lint, where
Lfree = ~[
i
2
(a†0a˙0 − a˙
†
0a0) +
i
2
(a†1a˙1 − a˙
†
1a1) (11)
+
i
2
(a†2a˙2 − a˙
†
2a2)− ω0a
†
0a0 − ω1a
†
1a1 − ω2a
†
2a2],
Lint = −~κa0a
†
1a
†
2e
−i∆k·r − ~κ†a†0a1a2e
i∆k·r. (12)
According to Euler-Lagrangian equation
d
dt
∂L
∂a˙†
−
∂L
∂a†
= 0, (13)
we obtain
da0
dt
= −iω0a0 − iκ
†a1a2e
i∆k·r, (14)
da1
dt
= −iω1a1 − iκa0a
†
2e
−i∆k·r, (15)
da2
dt
= −iω2a2 − iκa0a
†
1e
−i∆k·r. (16)
The above equations are actually quantum nonlinear cou-
pled equations. The pump wave is usually very intense
and we assume that the pump photon operator is just
oscillating with time without depletion. That is to say,
the pump photon operator approximately satisfies
da0
dt
= −iω0a0, (17)
and a0 can be solved a0 = a0(0)e
−iω0t. Hence, the equa-
tions of signal and idler photon operators become
da1
dt
= −iω1a1 − iκa0(0)e
−iω0ta
†
2e
−i∆k·r,
da2
dt
= −iω2a2 − iκa0(0)e
−iω0ta
†
1e
−i∆k·r.
(18)
III. PATH INTEGRAL FOR PARAMETRIC
PHOTONS
By solving Eq.18, the equations of motion of photon
operator are known. In addition, the evolution of the
quantum states can be expressed as a functional inte-
gral. According to path integral theory, the transition
amplitude of the parametric photons is
A(q1, t1|q0, t0) =
∫
[Dq]exp{
i
~
∫
q(t)
L(q, t)dt}, (19)
where,q = a1a2. It satisfies the evolution chain rule
A(q1, t1|q2, t0) =
∫
[Dq]A(q1, t1|q, t)A(q, t|q, t0). (20)
Quantum states of the parametric photon system are de-
scribed by the square integrable functions in the Hilbert
space. Physical observables are Hermitian operators act-
ing on such functions. The state ϕ1(q) at any later mo-
ment t1 is able to be predicted when the state ϕ0(q) at
initial moment t0 is given according to the formula
ϕ1(q) =
∫
[Dq′]A(q, t1|q
′, t0)ϕ0(q
′). (21)
IV. SURFACE INTEGRAL FOR PARAMETRIC
PHOTONS
The system of optical parametric amplification is ac-
tually a dissipative system. Just as Brownian motion
particles, parametric photons are modeled as particles
3undergoing a force provieded by pump. We start with
classical equations to describe the two model parametric
photons without resorting to Hamiltonian or Lagrangian.
x¨1 = F1,
x¨2 = F2.
(22)
Like classical particles, parametric photons is treated as
particles with unit mass, moving in one dimension under
the action of the force F . There is a certain relation-
ship between F1 and F2 for the parametric photons are
twinship.
According to stringy quantization theory[13], the tran-
sition amplitude can be expressed as a surface integral
A(x1x2, t1|x1x2, t0) ∝ e
i
~
Scl
∫
[DΣ]exp{
i
~
∫
Σ
Ω},(23)
where,Ω is a two-form
Ω =
∑
j=1,2
d(pjdxj −
1
2
p2jdt) + Fjdxj ∧ dt. (24)
The classical action Scl is the integral over classical curve.
The surface integral can be converted to curve integral
by using relation ∫
Σ
dϑ =
∫
∂Σ
ϑ
. The transition amplitude becomes
A(x1x2, t1|x1x2, t0) ∝ e
i
~
Scl
∫
[DΣ]exp{
i
~
∫
∂Σ
ϑ},(25)
where,
ϑ =
∑
j=1,2
(pjdxj −
1
2
p2jdt) + Fjxjdt
=
∑
j=1,2
(pj x˙jdt−
1
2
p2jdt) + Fjxjdt
(26)
The closed integral curve contains two paths with other
two auxiliary curves canceling∫
∂Σ
=
∫
γ
−
∫
γcl
. We obtain
A(x1x2, t1|x1x2, t0) ∝
∫
[Dγ]exp{
i
~
∫
γ
ϑ}. (27)
The second quantization forms of canonical coordinate
and momentum of harmonic oscillator are
xj =
√
~
2ωj
(aj + a
†
j), pj =
√
~ωj
2
(aj − a
†
j).
Adopting creation and annihilation operators, the tran-
sition amplitude is
A(x1x2, t1|x1x2, t0) ∝
∫
[Dγ]exp{
i
~
∫
γ∑
j=1,2
[~
i
2
(a†j a˙j − a˙
†
jaj)− ~ωja
†
jaj + U(aj)]}.
(28)
The driving force F (aj) serves as a function of anni-
hilating a pump photon to generate a signal photon and
a idler photon. In order to simplify, U(aj) can be deter-
mined phenomenologically. The kernal of U(aj) should
contain a0a
†
1a
†
2, where a0 is pump annihilation opera-
tor. In order to make U(aj) hermitian, a conjugate part
a
†
0a1a2 should be appear in U(aj). U(aj) is definitely has
a form
U(aj) = ~ηa0a
†
1a
†
2 + ~η
†a
†
0a1a2, (29)
where, η is a parameter determined by the coupling in-
teraction of pump model with two parametric models.
Obviously, Eq.19 is recovered.
V. CONCLUSION
Plenty of studies have been carried out to explain the
quantum nature of optical parametric amplification. Al-
though quantum noise plays an important role in opti-
cal parametric amplification, optical parametric amplifi-
cation starts from zero-point energy. It seems that the
lack of commutability among canonical coordinates and
momenta leads to the emergence of zero-point energy.
Whereas this non-commuting of canonical coordinates
and momenta lies in the fact that wave function in Hilbert
space is a function of space and time and the dynamical
variables that can be measured are described by linear
operators.
We show the consistency between the Hamiltonian and
the Lagrangian formalisms in the optical parametric am-
plification. The dynamical equations of photon opera-
tors obtained from Heisenberg equations of motion are
the same as those from Euler-Lagrange equations.
Classical Newtonian mechanical equations seems more
fundamental than quantum Lagrangian. Because quan-
tum Lagrangian is always ambiguity. Starting with clas-
sical Newton equations, the dynamic equation of quan-
tum states of optical parametric amplification system are
worked out.
VI. APPENDIX: PATH INTEGRAL FOR
COHERENT STATES
Coherent state | α > is an eigenstate of annihilation
operator a
a | α >= α | α >, < α | a† =< α | α∗. (30)
4The motion of the state | α(t) > is determined by the
system Hamiltonian which expressed by creation and an-
nihilation operators. The probability amplitude of the
state propagating from | α(ta) > to | α(tb) > is
K(α(tb), tb;α(ta), ta) =< α(tb) | U(tb, ta) | α(ta) >,
(31)
which is also called propagator. Here, U(tb, ta) is time
development operator, which satisfies
U(tb, ta) = e
− i
~
∫ tb
ta
Hdt. (32)
We use path integral technic to calculate the propagator
of coherent state with the Hamiltonian given in Eq.8.
< α0(tb)α
1(tb)α
2(tb) | U(tb, ta) | α
0(tb)α
1(ta)α
2(ta) >
=
∫
· · ·
∫
D0D1D2× < α
0(tb)α
1(tb)α
2(tb) |
U(tb, tn) | α
0(tb)α
1(tn)α
2(tn) >< α
0(tn)α
1(tn)α
2(tn) |
U(tn, tn−1) | α
0(tn−1)α
1(tn−1)α
2(tn−1) >< α
0(tn−1)
α1(tn−1)α
2(tn−1) | · · · < α
0(t1)α
1(t1)α
2(t1) |
U(t1, ta) | α
0(ta)α
1(ta)α
2(ta) >, (33)
where, Di = π
−nΠnj=1d
2αij and i = 0, 1, 2. The relation∫
d2α
pi | α >< α | is used in above equation.
We first solve
Kj =< α
0
j+1α
1
j+1α
2
j+1 | U(tj+1, tj) | α
0
jα
1
jα
2
j >=
< α0j+1α
1
j+1α
2
j+1 | e
− i
~
∫ tj+1
tj
Hdt
| α0jα
1
jα
2
j >,
(34)
where αj represents α(tj). When tj is approaching to
tj+1 and to put it in another way η = tj+1 − tj is very
small, the time development operator is approximately
e
− i
~
∫ tj+1
tj
Hdt
≈ e−
i
~
Hη ≈ [1−
i
~
Hη]. (35)
Therefore, with κ′ = κe−i∆k, Kj can be written as
Kj = < α
0
j+1α
1
j+1α
2
j+1 | [1−
i
~
Hη] | α0jα
1
jα
2
j >
= < α0j+1α
1
j+1α
2
j+1 | [1− iηω0a
†
0a0 − iηω1a
†
1a1
− iηω2a
†
2a2 − iη[κ
′a0a
†
1a
†
2 + κ
′†a
†
0a1a2]] | α
0
jα
1
jα
2
j >
= < α0j+1α
1
j+1α
2
j+1 | α
0
jα
1
jα
2
j >
× [1− iηω0α
0∗
j+1α
0
j − iηω1α
1∗
j+1α
1
j − iηω2α
2∗
j+1α
2
j
− iηκ′α0j+1α
1∗
j+1α
2∗
j+1 − iηκ
′†α0∗j α
1
jα
2
j ]. (36)
By using coherent states inner product relation < α |
α′ >= e−|α|
2/2−|α′|2/2+α∗α′ , we then find
Kj = exp(−
1
2
| α0j+1 |
2 −
1
2
| α0j |
2 +α0∗j+1α
1
j −
1
2
| α1j+1 |
2 −
1
2
| α11 |
2 +α1∗j+1α
1
j −
1
2
| α2j+1 |
2 −
1
2
| α2j |
2 +α2∗j+1α
2
j)× exp(−iηω0
α0∗j+1α
0
j − iηω1α
1∗
j+1α
1
j − iηω2α
2∗
j+1α
2
j
+ ηκα0j+1α
1∗
j+1α
2∗
j+1 − ηκ
†α0∗j α
1
jα
2
j )
= exp(iη[
i
2
α0∗j+1
α0j+1 − α
0
j
η
−
i
2
α0∗j+1 − α
0∗
j
η
α0j
+
i
2
α1∗j+1
α1j+1 − α
1
j
η
−
i
2
α1∗j+1 − α
1∗
j
η
α1j +
i
2
α2∗j+1
α2j+1 − α
2
j
η
−
i
2
α2∗j+1 − α
2∗
j
η
α2j − ω0α
0∗
j+1α
0
j − ω1α
1∗
j+1
α1j − ω2α
2∗
j+1 − κ
′α0j+1α
1∗
j+1α
2∗
j+1 − κ
′†α0∗j α
1
jα
2
j ]. (37)
When n → ∞, the time interval η → 0, the final ex-
pression of the propagator is
< α0(tb)α
1(tb)α
2(tb) | U(tb, ta) | α
0(ta)α
1(ta)α
2(ta) >
=
∫
· · ·
∫
D0D1D2 × exp(
i
~
∫ tb
ta
dt{~[
i
2
(α∗0α˙0 − α˙
∗
0α0)
+
i
2
(α∗1α˙1 − α˙
∗
1α1) +
i
2
(α∗2α˙2 − α˙
∗
2α2)− ω0α
∗
0α0
− ω1α
∗
1α1 − ~ω2α
∗
2α2 − κ
′α0α
∗
1α
∗
2 − κ
′†α∗0α1α2]}). (38)
The exponential part of the above equation is the time
integral of the Lagrangian
∫ tb
ta
L(t)dt. Therefore, the cor-
responding Lagrangian is
L = ~[
i
2
(a†0a˙0 − a˙
†
0a0) +
i
2
(a†1a˙1 − a˙
†
1a1) +
i
2
(a†2a˙2 − a˙
†
2a2)
−ω0a
†
0a0 − ω1a
†
1a1 − ω2a
†
2a2 − κ
′a0a
†
1a
†
2 − κ
′†a
†
0a1a2].
(39)
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